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Abstract
In this paper, we will study two classes of difference equations which are piecewise-linear and of
similar forms. We will show that all non-trivial solutions of both equations are eventually periodic
with prime period six.
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1. Introduction
In this paper we consider the following two classes of difference equations:
xn+1 =
{
xn+xn−1
α
, if α | xn + xn−1,
xn − xn−1, otherwise, n = 0,1, . . . , (1)
and
xn+1 =
{
xn−xn−1
α
, if α | xn − xn−1,
xn − xn−1, otherwise, n = 0,1, . . . , (2)
where α is a positive integer parameter which is at least two and the initial conditions, x−1
and x0, are arbitrary integers. For other equations of a similar form, including many open
problems, see [1] and [3].
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(and restated in [1]). Let gcod(m,n) denote the greatest common odd divisor of m and n.
Theorem 1. Every solution of Eq. (1) with x−1 = x0 and gcod(x−1, x0) = 1 is ei-
ther eventually constant and equal to 1 or −1 or is eventually equal to the six-cycle
(1,3,2,−1,−3,−2).
In [1], the following result was proven.
Theorem 2. Let {xn}∞n=0 be a solution of Eq. (2). Suppose that gcod(x−1, x0) = 1. Then{xn}∞n=0 is eventually the six-cycle (1,1,0,−1,−1,0).
We will study the case where α is at least three. In [3], the following conjecture was
stated.
Conjecture 3. Every non-trivial solution of Eq. (1) and Eq. (2) is eventually periodic with
prime period six.
We will show that all solutions to both classes of equations eventually solve the linear
difference equation
xn+1 = xn − xn−1, n = 0,1, . . . . (3)
Theorem 4. Every non-trivial solution of Eq. (3) is periodic with prime period six.
Once we show that any non-trivial solution of Eq. (1) or Eq. (2) eventually solves
Eq. (3), it follows that every non-trivial solution of Eq. (1) and Eq. (2) is eventually periodic
with prime period six and thus we will have confirmed the conjecture.
2. Preliminaries
The following lemmas will be useful in the sequel.
Lemma 5. The following statements are true:
(a) The only equilibrium of Eq. (1) or of Eq. (2) is the trivial equilibrium, x¯ = 0.
(b) The only constant solution or eventually constant solution of Eq. (1) or of Eq. (2) is
the trivial solution.
(c) The negative of a solution of Eq. (1) or of Eq. (2) is also a solution.
(d) Every solution of Eq. (1) or of Eq. (2) is integer valued.
The following lemma shows that it is impossible for a solution to either Eq. (1) or Eq. (2)
to eventually satisfy the top branch exclusively. Its proof is by contradiction and follows
from the fact that the equations
xn+1 = xn + xn−1
α
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xn+1 = xn − xn−1
α
are both linear and (for α > 2) their characteristic roots are less than 1 in modulus. Hence
every solution to either of these two linear equations converges to x¯ = 0 and will at some
point no longer be integer-valued, which contradicts Lemma 5(d).
Lemma 6. Let {xn} be a solution of Eq. (1) or of Eq. (2) such that x−1x0 = 0. For every
integer M  0, there exists an integer N M such that xN+1 = xN − xN−1.
As an interesting consequence of Lemma 6, we have the following lemma. Note: the
following result is also true for Eq. (2), but this fact is not necessary within this paper.
Lemma 7. Let {xn} be a solution of Eq. (1). Then there exists an integer n0  0 with
xn0−1xn0  0.
Proof. By Lemma 6, there exists an integer N  0 such that xN+1 = xN − xN−1. If
xNxN−1  0, we are done. Otherwise, xNxN−1 < 0 which implies that xN+1xN = (xN)2 −
xNxN−1 > 0. 
3. Equation (1)
The following lemma shows that every solution of Eq. (1) is bounded.
Lemma 8. Let {xn} be a solution of Eq. (1). Suppose that x−1x0  0. Then |xn| 
max{|x−1|, |x0|} for all n −1. In fact, if there exists an integer N1 such that α divides
xN1 + xN1−1, then |xn| < max{|x−1|, |x0|} for all nN1 + 1.
Proof. By Lemma 5(c), it suffices to consider the case where x−1  0 and x0  0. Let
M = max{x−1, x0}. It suffices to establish the following claim.
Claim. There exists N  1 such that the following statements are true:
(1) |xn|M for all −1 nN ;
(2) If α divides xn + xn−1 for some non-negative integer n less than N , let N1 be the
smallest such integer. Then |xn| < M for all N1 < n N and |xn|M for all −1
nN1;
(3) xN−1xN  0.
There are four cases to consider.
Case I. α divides x−1 +x0. Then 0 x1 = (x−1 + x0)/α  2M/α < M and so the claim
is true with N = 1 and N1 = 0.
Case II. α does not divide x−1 + x0 and x0  x−1. Then 0 x1 = x0 − x−1  x0 = M
and so the claim is true with N = 1.
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−M  x1 = x0 − x−1 < 0 and x2 = −x−1 = −M and so the claim is true with N = 2.
Case IV. α does not divide x−1 + x0, x0 < x−1 and α does divide 2x0 − x−1. First, note
that x1 = x0 − x−1 < 0. Also, note that N1 = 1.
By the division algorithm, there exist integers k, l, r and s with 0 r, s < α such that
x0 = kα + r, −x1 = x−1 − x0 = lα + s.
Note that x0,−x1  0 implies that k, l  0.
It follows from these two equations that
2x0 − x−1 = x0 − (x−1 − x0) = (k − l)α + r − s.
Since α divides 2x0 −x−1, it follows that α divides r − s. Since −α < −s  r − s  r < α,
we have that r − s = 0. Hence,
x−1 = (k + l)α + 2r = M,
x1 = x0 − x−1 = −(lα + r) < 0,
x2 = k − l < k < 1
α
x−1 = 1
α
M < M = 2x0 − x−1
α
>
−x−1
α
= − 1
α
M > −M.
If k − l  0, then the claim is true with N = 2.
Otherwise, k − l > 0. By Lemma 6, there exists a positive integer m > 1 such that α
does not divide xm + xm−1. For n = 1, . . . ,m − 1, we have that
xn+1 = xn + xn−1
α
.
There are only two possibilities:
(1) There exists an integer N0 with 1N0 < m such that xN0xN0+1  0.
(2) xnxn+1 < 0 for n = 1, . . . ,M − 1.
It follows by induction that
|xn+1| = 1
α
|xn + xn−1| < 1
α
max
{|xn|, |xn−1|}< 1
α
M
for n = 1, . . . ,N0 if N0 exists and for n = 1, . . . ,m − 1 if N0 does not exist.
In the first case, we are done with N = N0 + 1. In the second case, N = m + 1. This is
due to the fact that
|xm+1| = |xm − xm−1| |xm| + |xm−1| < 2
α
M < M
and that xmxm+1 > 0 (xm and xm+1 have the same sign since xm and xm−1 have opposite
signs and xm+1 = xm − xm−1). 
We are finally ready to prove Conjecture 3 for Eq. (1).
Theorem 9. Let α be an integer greater than 2. Let {xn} be a non-trivial solution of Eq. (1).
Then {xn} is eventually periodic of prime period six.
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Lemma 8 applies. By Lemmas 8 and 5(d), we know that {xn} is a bounded, integer val-
ued solution of Eq. (1) and is hence eventually periodic. Without loss of generality, we will
assume that {xn} is periodic from the start. Since {xn} is bounded, there exists an integer
M > 0 such that −M  xn M for all n −1. By Lemma 5 parts (b) and (c), we may
assume without loss of generality that x0 < x1 = M . By Lemma 8, it then follows that
there does not exist an integer N1 such that α divides xN1 + xN1−1 since otherwise, the
solution would be strictly less than M for all n  N1 + 1 and hence not periodic. There-
fore, the solution satisfies Eq. (3) from the start and is periodic of prime period six by
Theorem 4. 
4. Equation (2)
The following lemma shows that every solution of Eq. (2) is bounded.
Lemma 10. Let {xn} be a solution of Eq. (2). Then |xn| |x−1| + |x0| for all n−1.
Proof. The result is a consequence of the following claim which we will prove by induc-
tion:
|xn−1|, |xn|, |xn − xn−1| |x−1| + |x0|.
The claim is true for n = 0, so now assume the result is true for n 0 and prove that
|xn|, |xn+1|, |xn+1 − xn| |x−1| + |x0|,
|xn| |x−1| + |x0| by the induction hypothesis.
To prove |xn+1| |x−1| + |x0|, note that either
|xn+1| = |xn − xn−1|
α
 1
α
|xn| + 1
α
|xn−1| 1
α
(|x−1| + |x0|)+ 1
α
(|x−1| + |x0|)
= 2
α
(|x−1| + |x0|)< |x−1| + |x0|
or
|xn+1| = |xn − xn−1| |x−1| + |x0|.
Lastly, we must show that |xn+1 − xn| ∈ [0, |x−1| + |x0|]. In this case, either
|xn+1 − xn| = |xn − xn−1
α
− xn| = | − (α − 1)xn − xn−1|
α
 α − 1
α
|xn| + 1
α
|xn−1|
 α − 1
α
(|x−1| + |x0|)+ 1
α
(|x−1| + |x0|)= α
α
(|x−1| + |x0|)
= |x−1| + |x0|
or
|xn+1 − xn| = | − xn−1| |x−1| + |x0|. 
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integer N1 such that α divides xN1 − xN1−1, then |xn| < |x0| + |x−1| = x0 − x−1 for all
nN1 + 1.
The result follows from the claim below whose proof is by induction. The proof is
similar to that of the claim of Lemma 10 and will be omitted.
Claim. For n > N1 + 1,
|xn−1|, |xn|, |xn − xn−1| < x0 − x−1.
We are finally ready to prove Conjecture 3 for Eq. (2).
Theorem 12. Let α be an integer greater than 2. Let {xn} be a non-trivial solution of
Eq. (2). Then {xn} is eventually periodic of prime period six.
Proof. By Lemmas 10 and 5(d), we know that {xn} is a bounded, integer-valued solution
of Eq. (2) and is hence eventually periodic. Without loss of generality, we will assume
that {xn} is periodic from the start. Since {xn} is bounded, there exists an integer M > 0
such that −M  xn M for all n −1. By Lemma 5 parts (b) and (c), we may assume
without loss of generality that x0 < x1 = M . Note that M = x1 = x0 − x−1. This implies
that x−1  0  x0 and so Lemma 11 applies. It then follows that there does not exist an
integer N1 such that α divides xN1 − xN1−1 since otherwise, the solution would be strictly
less than M for all n  N1 + 1 and hence not periodic. Therefore, the solution satisfies
Eq. (3) from the start and is periodic of prime period six by Theorem 4. 
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